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The two natural ways to encode gravity through geometric structures are the much ac-
claimed Einstein’s general relativity (GR) and teleparallel gravity, where torsion as opposed
to curvature encodes the dynamics of gravitational degrees of freedom. We show that the
Einstein–Cartan action, the GR first-order formulation, can also be seen as the first-order
formulation of teleparallel gravity up to a boundary term. It was shown in two previous ar-
ticles [1, 2] that there are two natural ways to discretize the Einstein–Cartan action in three
spacetime dimensions. The first discretization leads to the ‘loop gravity’ kinematical phase
space where the zero torsion condition is enforced and the other is the ‘dual loop gravity’
kinematical phase space where curvature is imposed to vanish. We argue that whereas loop
gravity is naturally related to the standard GR description, the dual loop gravity framework
is a natural discretization of teleparallel gravity.
I. INTRODUCTION
There are at least two possibilities to encode gravity into geometry. The first and most natural way
to do so is to consider the curved metric gab and the metric compatible and torsionless Christoffel
connection with covariant derivative ∇◦ a. For a vanishing cosmological constant Λ, the dynamics
can be derived from the familiar Einstein–Hilbert action
SEH[g] =
1
16πG
∫
M
d4vg R
◦ [g], (1.1)
where R◦ is the Ricci scalar built for the metric tensor gab, and d
4vg =
√
− det gµνdx
0 ∧ . . . dx3 is
the canonical volume element.
Faced to the difficulty to couple half-integer spin degrees of freedom to gravity, Weyl introduced
the concept of frame field e in General Relativity [3]. This led ultimately to the Sciama–Kibble–
Einstein–Cartan formalism for gravity. This formalism puts on equal footing both the massive and
spinning degrees of freedom. For the Lorentzian D-dimensional case,
SEC[e,A] =
1
8πG
∫ 〈
B[e] ∧ F [A]
〉
so(1,D−1)
, (1.2)
where F = dA + 12 [A,A] is the curvature of the spin connection, B denotes the (D − 2)-form
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2B = ∗(∧D−2e), which built from the internal hodge dual of (D− 2) frame fields eI1 ∧ . . . eID−2 , and
〈·, ·〉
so(1,D−1) is the Killing form for so(1,D−1). Our conventions are 〈X,Y 〉so(1,D−1) = −
1
2X
I
JY
J
I .
On the space of histories, the SO(1,D − 1) connection A has both non-trivial curvature and
torsion. It is a first-order formalism for gravity, because the action only contains first derivatives
of the fundamental configuration variables. If there are no spin degrees of freedom, we get as an
equation of motion that the connection A should be torsionless. Plugging this back into the action
(1.2), we get the Palatini formalism for gravity, in terms of frame fields and a torsionless connection.
This is the second-order formalism since the equations of motion are now of second order in the
metric or frame field.
The second way to encode gravity into geometry came later [4] and is based on an affine and
metric compatible covariant derivative ∇• a : ∇
•
agbc = 0. The underlying connection ω
• I
J is the
so-called Weitzenböck connection and it has no curvature,
R• abcdZ
bXcY d = ∇• X ∇
•
Y Z
a − ∇• Y ∇
•
XZ
a − ∇• [X,Y ]Z
a = 0, (1.3)
where [X,Y ]a ∈ TM is the Lie derivative of vector fields Xa, Y a ∈ TM . The gravity dynamics is
encoded into the associated torsion two-form T• abc ,
T• abcX
bY c = ∇• XY
a − ∇• YX
a − [X,Y ]a. (1.4)
The key idea is to treat the torsion two-form as the field strength of an abelian connection, which
is the frame field eIa,
T• cab = 2eI
c ∇• [ae
I
b], (1.5)
where ∇• is the covariant exterior derivative with respect to the Weitzenböck connection, ∇• aV
I =
∂aV
I + ω• IJaV
J . This is the teleparallel formulation, which has been slightly less explored than
the GR metric formulation. For an extensive review of the theory see [5] and the references therein.
The standard teleparallel action we will consider is,
STP[e; ω
• ] = −
1
16πG
∫
M
d4vg
(
1
4
T• cab T
• cab −
1
2
T• cab T
• abc − T• bab T
• ca
c
)
. (1.6)
It is well-known that the two actions, the Einstein-Hilbert action (1.1) and the teleparallel action
(1.6), are equal up to a boundary term [5],
SGR[g] = STP[e; ω
• ]−
1
8πG
∫
M
d4vg ∇
◦
a T
• ba
b . (1.7)
Interestingly, while there is the duality relation (1.7), to our knowledge, there is no similar
derivation of the teleparallel action from a first-order action. Indeed, having a zero-curvature
connection solves the equation of motion (when there is no massive degrees of freedom), but plugging
this back into the action (1.2) leads to a zero action. Some ways to avoid a zero action is to either
supplement (1.2) with a constraint implementing the zero-curvature [6], or even to add quadratic
contribution in the torsion and curvature [7].
Recent developments in the loop quantum gravity (LQG) framework indicate that there ought
to be also a first-order formulation of teleparallel gravity and a more symmetric treatment of the
GR and teleparallel formulations.
The initial approach to canonically quantize gravity was to consider the metric formalism. This
led to non-polynomial constraints. Ashtekar showed how starting instead from the Einstein–Cartan
3formulation leads to much better behaved constraints. Hence such type of action or some variant
of it (e.g. the self-dual Plebanski action, constrained BF theory, MacDowell–Mansouri action) is
usually taken as the starting point for the Hamiltonian analysis, and the LQG formulation [8, 9].
The standard LQG framework is based on imposing the Gauss constraint first, which amounts—
at least in three spacetime dimensions—to deal with a torsionless connection. At the quantum level,
this leads to the so-called Ashtekar–Lewandowski vacuum. From this perspective, LQG can be seen
as quantization of the GR formalism [9].
Dittrich and Geiller suggested that there should be another interesting ‘vacuum’ to start with,
not based on the imposition of the Gauss constraint first, but instead on a zero curvature constraint.
At the quantum level, this leads to the so-called BF vacuum [10, 11]. A posteriori, this could be
viewed as a quantization of the teleparallel formulation since we deal with a flat connection. A
bit later, looking at the discrete Hamiltonian formulation underlying the LQG framework at the
classical level, it was shown in [1, 2] that there are two natural ways to discretize the Einstein–
Cartan gravity action. (This is done in three-dimensional for the BF theory but it should carry
similarly in the 4d case.) One way essentially implements the Gauss constraint first (this is the ‘loop
gravity’ picture), the other way implements a zero curvature first (this is the ‘dual loop gravity’
picture). This last case can be viewed as another classical derivation of the idea suggested by
Dittrich and Geiller [10]. The discretization procedure started in each case from the BF action so
while it seems pretty clear that the second derivation, i.e. the dual loop gravity picture, should be
related to a discretization of the teleparallel formulation, it was not shown explicitly. To complete
the picture regarding possible discretization and quantization schemes related to the teleparallel
formulation we recall that in [12] it was argued that t’Hooft discrete approach to three-dimensional
gravity can be seen as a discretization of the teleparallel formulation (still hinging on the assumption
that the dual loop picture is related to the teleparallel picture). In [13], the authors presented a
quantization of the dual loop gravity model (slightly different than Dittrich and Geiller’s) which
led to the Dijkgraaf–Witten model.
As it stands out, many arguments point therefore to the fact that the teleparallel formulation
should also be present in the Einstein–Cartan formulation. In this note, we want to illustrate
how the GR Palatini formalism and the teleparallel formulation can be obtained in the same way.
In section II, we show that indeed the Einstein–Cartan action, a first-order formulation of the
standard GR theory, is also a first-order formulation of the teleparallel theory up to a boundary
term. This is done first in the three-dimensional Euclidean case where the Einstein-Cartan action
is simply the SU(2) BF action. We then generalize our derivation for a Lorentzian signature in any
dimensions. The main idea of the derivation is to decompose the Einstein–Cartan connection into
a fiducial reference connection plus a contorsion tensor. Then by choosing some specific reference
connections and solving some of the equations of motion strongly, we show that, depending on the
choice of reference connection, the Einstein–Cartan action is equal on shell to either the Palatini
action of GR or the teleparallel action up to boundary terms.
We will then discuss the different discretizations performed in [1, 2] (for three-dimensional grav-
ity) in light of the fact that both the GR and teleparallel frameworks can be derived from the same
first-order action (up to a boundary term). In the Hamiltonian picture, each of these frameworks
can be naturally associated to a choice of polarization. The physical equivalence of the different
polarizations is the natural translation of the equivalence between the GR and teleparallel frame-
works. We will argue however that different choices of polarization at the continuum level lead to
different discretized theories. More explicitly, the choice of polarization in the continuum and the
discretization procedure used in [1, 2] do not commute. As a consequence, we will discuss how the
dual loop gravity picture can be seen as a discretized version of the teleparallel formulation.
4II. FIRST ORDER ACTION FOR TELEPARALLEL GRAVITY
We detail below how the Einstein–Cartan action (1.2) can be seen as the first-order formulation of
the teleparallel action. We first focus on the three-dimensional Euclidean case as a warm-up. Three-
dimensional Euclidean gravity is very well understood in the Loop Quantum gravity framework.
We then study the general D-dimensional Lorentzian case.
The key idea is that the connection AI Ja can be written as A
I
Ja = ω
I
Ja + K
I
Ja, a reference
connection ω plus the contorsion K that encodes the dynamical degrees of freedom. There are
two natural choices for such a metric-compatible reference connection, namely the Weitzenböck
connection, ω• , and the Levi-Civita connection ω◦ . They respectively have no curvature or no
torsion.
Solving the equations of motion for K will allow us to re-express the Einstein–Cartan action
(1.2) as the teleparallel action provided the reference connection is the Weitzenböck connection,
while the other choice gives the standard GR case.
A. The BF action in three dimensions
The starting point is the Einstein-Cartan action (1.2) for three-dimensional Euclidean gravity.
SEC[e,A] = −
1
8πG
∫
M
〈
e ∧ F [A]
〉
, F [A] = dA+
1
2
[A,A], (2.1)
where 〈X,Y 〉 = XIY
I is the Killing form for su(2), and both the frame field e and the connection
A are with value in su(2). Taking into account the split AIa = ω
I
a+K
I
a of the connection into an
arbitrary reference connection ωIa and a displacement vector K
I
a, the SU(2) field strength becomes
F [A] = dA+
1
2
[
A,A
]
= dω +
1
2
[
ω, ω
]
+ dK+ [ω,K] +
1
2
[
K,K
]
= F [ω] + Dω K +
1
2
[
K,K
]
. (2.2)
where Dω = d + [ω, ·] is the exterior covariant derivative with respect to the reference connection.
At the level of the action, we thus have,
SEC[e,A] = SEC[e,K;ω] = −
1
8πG
∫
M
〈
e ∧ F [ω]− d(e ∧ K) + Tω ∧ K +
1
2
e ∧ [K ∧K]
〉
(2.3)
where Tω = de+ [ω, e] is the torsion. The second term is a total exterior derivative, using Stokes’s
theorem it turns into a surface integral.
Let us then consider the case where ω = ω• , which by definition of the Weitzenböck connection
ω• is such that F [ ω• ] = 0. Hence the first term in the action (2.3) goes away and we have up to a
boundary term,
SEC[e,K; ω
• ] = −
1
8πG
∫
M
〈
T• ∧ K +
1
2
e ∧ [K ∧ K]
〉
, (2.4)
where we denoted T• = D• e = de+ [ ω• , e]. Variations in terms of e and K respectively give,
D• K+
1
2
[K ∧K] = 0 (2.5)
T• + [e ∧ K] = 0. (2.6)
5Provided the frame field is invertible, we can solve the last equation of motion, and actually ex-
press the contorsion K in terms of the frame field and the torsion tensor T• Iab associated to the
Weitzenböck connection.
KI a = −
1
2
ǫIJK
(
ebJ T• Kab −
1
2
ecJ ebK T• acb
)
, (2.7)
where T• abc = eI
a T• Ibc .We can now plug this expression back in the action (2.4). After some
algebra, we recover the teleparallel action [5].
SEC[e,A] −
1
8πG
∫
∂M
〈
e ∧ K
〉
≈ −
1
16πG
∫
d3ve
(
1
4
T• abc T
•
a
bc −
1
2
T• cab T
• ab
c − T
• c
bc T
• ab
a
)
=: Seucl.TP [e; ω
• ], (2.8)
where ≈ means we went on-shell in terms of the equation of motion for K, and d3ve =
1
6ǫIJKe
I ∧
eJ ∧ eK is the three-volume element.
The Einstein–Cartan action is therefore a first-order formulation of teleparallel gravity. As we
have just shown the standard teleparallel action is recovered by choosing as reference connection
ω the Weitzenböck connection ω• and by plugging back the equations of motion coming from the
variations with respect to K into the Einstein–Cartan action. The equality between the two actions
(2.8) is indeed valid up to a boundary term and on-shell.
A similar construction also starting from the Einstein–Cartan action occurs to recover the
second-order formalism of GR in terms of a frame field given by the Palatini action. We sketch
here the different steps. We now take the reference connection ω to be the Levi-Civita connection
ω◦ , which is such that T◦ = D◦ e = 0. The action (2.1) then becomes
SEC[e,A] = SEC[e, ω
◦ +K] = −
1
8πG
∫
M
〈
e ∧ F [ ω◦ ] + e ∧ D◦ K +
1
2
e ∧ [K ∧ K]
〉
. (2.9)
Variations along K give [e,K] = 0. Assuming again that e is invertible, the solution of such equation
is given by K = 0. Plugging back this solution in (2.9) allows to recover the Palatini action for
three-dimensional gravity, in the second order formalism.
SEC[e,A] ≈ SEC[e, ω
◦ ] = −
1
8πG
∫ 〈
e ∧ F [ ω◦ ]
〉
≡ SPalatini[e]. (2.10)
B. Teleparallel gravity in D dimensions from D-dimensional Einstein –Cartan action
The same construction holds in D Lorentzian spacetime dimensions. Consider the Einstein –Cartan
action
SEC[A, e] =
1
16πG
∫
M
BIJ [e] ∧ F
IJ [A], (2.11)
where F IJ is the curvature two-form
F IJ = dA
I
J +A
I
M ∧A
M
J , (2.12)
6and BIJ is the bivector-valued (D − 2)-form
BIJ =
1
(D − 2)!
ǫIJK1...KD−2e
K1 ∧ · · · ∧ eKD−2 . (2.13)
To write the action in a more familiar form, we decompose the curvature two-form into its compo-
nents with respect to the D-bein, namely
F IJ =
1
2
F IJKL[A, e] e
K ∧ eL, (2.14)
which is possible as long as the D-bein is invertible. A short calculation gives,
SEC[A, e] =
1
16πG
∫
M
dDve F
IJ
IJ [A, e], (2.15)
where we introduced the D-dimensional volume element,
dDve =
1
D!
ǫI1...IDe
I1 ∧ · · · ∧ eID . (2.16)
Let us now explain how to recover the GR and teleparallel formulations. Consider first an arbitrary
origin ωIJ in the affine space of connections and parametrize any connection in terms of ωIJ and a
displacement vector KIJ , which is an so(1,D − 1)-valued one-form. Thus,
AIJ = ω
I
J +K
I
J . (2.17)
Let now Dω denote the exterior covariant derivative with respect to ωIJ . The curvature two-form
satisfies
F IJ [A] = F
I
J [ω] + D
ω KIJ +K
I
L ∧ K
L
J . (2.18)
If ωIJa is the torsionless Levi-Civita spin connection ω
◦ I
Ja , the corresponding curvature two-form
is nothing but the Riemann curvature tensor. In components,
F IJab[ ω
◦ ] = eI ceJ
dRcdab[g]. (2.19)
In this case, the action (2.15) does indeed reduce to the usual metrical Einstein –Hilbert action
on-shell where K = 0.
If we are interested in teleparallel gravity, the relevant reference connection is the Weitzenböck
connection ω• , which has vanishing curvature. Performing a partial integration, we are then left
with the following expression for the action,
SEC[A, e] + (−1)
D−1
∫
∂M
BIJ ∧ K
IJ =
=
1
16πG
∫
M
[
1
(D − 3)!
ǫL1...LD−3IJKe
L1 ∧ · · · ∧ eLD−3 ∧ T• I ∧KJK+
+
1
(D − 2)!
ǫL1...LD−2IJe
L1 ∧ · · · ∧ eLD−2 ∧ KIL ∧ K
LJ
]
. (2.20)
where we introduced the Weitzenböck torsion,
T• I = D• eI . (2.21)
7The algebraic structure of the action (2.20) can be considerably simplified by noting that
ǫL1...Ld−nI1...Inǫ
L1...Ld−nJ1...Jn = −n!(d− n)!δ
[J1
I1
. . . δ
Jn]
In
. (2.22)
Consider then the components of the Weitzenböck torsion with respect to the D-bein,
T• I = D• eI =
1
2
T• ILMe
L ∧ eM . (2.23)
This allows us to write the action (2.20) in the following compact form
SEC[A, e]+
(−1)D−1
16πG
∫
∂M
BIJ ∧ K
IJ =
=
1
16πG
∫
M
dDve
[
3 T• IMN K
JK
Rδ
[M
I δ
N
J δ
R]
K + 2δ
[M
I δ
N ]
J K
I
LMK
LJ
N
]
=
1
16πG
∫
M
dDve
[
2 T• MMJ K
JN
N + T
•
IJKK
JKI −KILIK
JL
J −K
N
[LM ]K
LM
N
]
. (2.24)
where we decomposed the contortion one-form KI J into its components K
I
J = K
I
JMe
M with
respect to the D-bein eI .
To express this action in terms of the torsion two-form alone, we have to impose strongly the
torsionless condition at the level of the action. In other words, part of the equations of motion
are plugged back into the action. Consider first the variation of the action with respect to the
contortion one-form KIJa, which yields the torsionless condition,
T• I +KIJ ∧ e
J = 0. (2.25)
In terms of its components, the torsionless condition (2.25) is now solved by
KIJK = −KJIK =
1
2
(
T• IJK + T
•
JKI − T
•
KIJ
)
. (2.26)
This in turn implies
KN [LM ] =
1
2
T• NLM , (2.27a)
KJNN = T
• NJ
N . (2.27b)
If we now insert (2.26, 2.27a, 2.27b) back into (2.24), we get the usual teleparallel action which is
now quadratic in the components of the torsion two-form,
S[A, e]+
(−1)D−1
16πG
∫
∂M
BIJ ∧ K
IJ ≈
≈
1
16πG
∫
M
dDve
[
T• MMJ T
• NJ
N +
1
2
T• NLM T
• LMN −
1
4
T• NLM T
• NLM
]
, (2.28)
where ≈ denotes terms that vanish provided the torsionless condition (2.25) is satisfied.
As in the three-dimensional Euclidean case, we have proved in the Lorenztian D-dimensional
case that the Einstein–Cartan action, a well-known first-order formulation of the standard GR
formulation (Palatini action), is also a first-order formulation of the teleparallel action up to a
boundary term.
8III. RELATING THE DUAL LOOP PICTURE TO THE TELEPARALLEL
FORMULATION IN THREE DIMENSIONS
We now focus on the three-dimensional Euclidean case, and restrict ourselves to a trivial topology
M ∼ R × Σ, with the spatial manifold Σ having no boundary for simplicity. As in section IIA,
the fundamental configuration variables, namely the triad e and connection A, are one-forms with
value in su(2).
We will show that starting from the Einstein-Cartan action there are two natural symplectic
potentials that appear, related by an integration by parts. They amount to different choices of
polarization. Following our previous result, namely that the Einstein–Cartan action can be seen as
the first-order action of both GR and teleparallel gravity, we will argue that the different choices of
polarization are naturally related to the choice of description of gravity, either the GR or teleparallel
frameworks.
We will then recall how the discretization procedure described in [1, 2] gives rise to different
discrete theories. Each discrete theory can then be naturally identified with the different choices of
polarization in the continuum. Hence we will argue that the dual loop gravity discrete theory can
naturally be seen as a discretization of the teleparallel framework.
A. Pre-symplectic forms in the continuum
Standard calculations for the Einstein-Cartan action
SEC[e,A] = −
1
8πG
∫
M
〈
e ∧ F [A]
〉
. (3.1)
lead to the pre-symplectic potential
ΘEC = −
1
8πG
∫
Σ
E˜I
aδAI a, (3.2)
where δ is the differential in field space and E˜I
a denotes the densitized triad1
E˜I
a = ε˜abeIb. (3.3)
On the other hand, we now also have on field space
δAI a = δ
[
ωIa +K
I
a
]
= δKI a, (3.4)
since ω is a reference connection, which is kept fixed on field space.
ΘEC =
1
8πG
∫
Σ
E˜I
aδKI a, (3.5)
Let us now choose as reference connection, the Weitzenbock connection ω• . Then, the action
(3.1) becomes, up to a boundary term, (2.4)
SEC[e, ω
• ] = −
1
8πG
∫
M
〈
T• ∧ K +
1
2
e ∧ [K ∧ K]
〉
. (3.6)
1 In the following, indices a, b, c, . . . are two-dimensional abstract tensor indices and ε˜ba is the Levi-Civita skew-
symmetric tensor density on the spatial slice.
9We refer to section IIA for more details. Direct calculations lead this time to the symplectic
potential
ΘTP = −
1
8πG
∫
Σ
〈
δe ∧ K
〉
= −
1
8πG
∫
Σ
ε˜abδeIaK
I
b = −
1
8πG
∫
Σ
K˜I
aδeI a, (3.7)
where we introduced the densitized contorsion
K˜I
a = ε˜abKIb. (3.8)
We refer to this symplectic potential as the symplectic potential for the teleparallel picture since
(3.6) is the teleparallel action (2.8) on-shell.
The actions (3.1) and (3.6) are related by an integration by part. The relevant connection
variables for the symplectic form are actually given in terms of the contorsion tensor. We note
that because we are dealing with densitized fields, the canonical map relating the two choices
of polarization also implements a (Poincaré) dualization implemented by the Levi-Civita tensor
density ε˜ab.
(ε˜abeIb,K
I
a)→ (ε˜
abKIb, e
I
a). (3.9)
These two sets of variables amount to two polarization choices to describe our theory, either the GR
formulation or the teleparallel formulation. Physics is not depending on the choice of polarization.
A polarization is chosen for a convenient description of the physical system at hand. This is another
way to say that to discuss gravity we can equivalently work with the GR or teleparallel formulations
according to the system we are looking at.
Hence from an abstract perspective, the choice of polarization does not matter at the continuum
level. At the discrete level however things will be more subtle. Indeed, the discretization procedure
is sensitive to the dualization induced by the Levi-Civita tensor density ε˜ba. Let us describe now
the discretization scheme we intend to use.
B. Symplectic forms in the discrete picture
We recall the construction of [1], neglecting the possible existence of curvature and torsion defects
at the vertices of the triangulation. For further details about these, see [14].
The phase space underlying the spin network quantum states can be obtained through a dis-
cretization procedure relying on two steps. We discretize the spatial manifold using a triangulation.
We then truncate the degrees of freedom by assuming that on the faces c∗ of the triangulation we
have the constraints satisfied, meaning that there is neither torsion nor curvature inside c∗. The
solutions of such zero torsion and zero curvature constraints are respectively given by
e(x) = g−1c dycgc, A = g
−1
c dgc, (3.10)
with x any point of a given face c∗ of the triangulation, gc(x) the holonomy joining the reference
point c to x in c∗, and yc a Lie algebra element.
We intend to discretize the pre-symplectic potential ΘEC (3.5) and not ΘTP (3.7), as the latter
cannot be brought to an expression depending on the boundary only. Nevertheless, we will still
be able to have the discrete analogue of the potential ΘTP (3.7) precisely because the discretized
version of ΘEC (3.5) will be an exact two-form, essentially allowing for the integration by parts
relating the discrete version of ΘEC to what can be seen as a discrete version of ΘTP.
10
Starting from ΘEC (3.5), within a face c
∗ of the triangulation, we replace the frame field and
the connection by their respective discrete expression given in (3.10)
ΘEC =
1
8πG
∫
c∗
〈
e ∧ δA
〉
=
1
8πG
∫
c∗
〈
dyc ∧ d(δgcg
−1
c )
〉
. (3.11)
As the integrand is an exact two-form, this integral can be evaluated on the boundary of c∗ and
there are two possible choices to do so.
∫
c∗
〈
dyc ∧ d(δgcg
−1
c )
〉
= −
∫
∂c∗
〈
dyc (δgcg
−1
c )
〉
=
∫
∂c∗
〈
yc d(δgcg
−1
c )
〉
. (3.12)
Such discretization can be performed for any face, in particular for the face c′∗ which shares an
edge ℓ as boundary with c∗. Furthermore the fields gc′(x) and yc′(x) being evaluated on ℓ can be
related to the fields gc(x) and yc(x) evaluated at the same point on ℓ .
gc′ = hc′cgc, yc′ = hc′c(yc + xcc′)h
−1
c′c . (3.13)
These are the continuity conditions at ℓ, the commun edge of the faces c∗ and c′∗. Implementing
these relations for each contributions c∗, c′∗ for the edge ℓ = [vv′], which is dual to the the spin
network link [cc′] = ℓ∗, we get the two different potentials, for each edge ℓ.
ΘℓLG = −
1
8πG
〈(∫
ℓ
dyc
)
δhℓ∗h
−1
ℓ∗
〉
= −
1
8πG
〈
Xℓ δhℓ∗h
−1
ℓ∗
〉
, (3.14)
Θℓ
LG
∗ = +
1
8πG
〈
(gvcxℓ∗gcv)δgℓg
−1
ℓ
〉
= +
1
8πG
〈
Xℓ∗ δgℓg
−1
ℓ
〉
, (3.15)
where we used the notations
Xℓ ≡
∫
ℓ
dyc, hℓ∗ ≡ gcvgvc′ (3.16)
Xℓ∗ ≡ gvcxℓ∗gcv, gℓ ≡ gvcgcv′ . (3.17)
Θℓ
LG
refers to the loop gravity potential, whereas Θℓ
LG
∗ refers to the dual loop gravity potential.
By construction, in (3.14), the fluxes Xℓ satisfy the Gauss constraint when summing over the
edges of a given triangle.
∑
ℓ∈∂c∗
Xℓ = 0. (3.18)
This is the discretized version of dealing with a torsionless connection. The data (Xℓ, hℓ∗ ,Θ
ℓ
LG
)
provides the classical phase space for the standard spin networks: we have holonomies decorating
the dual of the triangulation, ie the spin network graph. This is often coined loop gravity.
On the other hand we also have the dual picture (3.15) where the holonomies gℓ around the
triangles satisfy the flatness constraint,
∏
ℓ∈∂c∗
gℓ = 1. (3.19)
This is the discretized version of dealing with a flat connection. The data (gℓ,Xℓ∗ ,Θ
ℓ
LG
∗) provides
the classical phase space for the ‘dual’ spin networks: we have fluxes decorating the dual of the
triangulation, ie the spin network graph. This is naturally coined dual loop gravity. Such discrete
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theory was shown to be related to t’Hooft theory [12], or to the Dijkgraaf-Witten model [13].
The parallel with the previous section should now be clear. The configuration variables KI a,
eIa, are discretized along the link ℓ
∗, whereas the momentum variables E˜I
a, K˜I
a, are discretized
along the edge ℓ.
‘GR polarization’ → loop gravity
E˜I
a → Xℓ
KI a → hℓ∗
ΘEC → Θ
ℓ
LG
‘Teleparallel polarization’ → dual loop gravity
K˜I
a → gℓ
eIa → Xℓ∗
ΘTP → Θ
ℓ
LG
∗
Dual loop gravity can be interpreted as the discretization of the teleparallel framework, just like
loop gravity can be seen as a discretization of GR.
The momentum variables are discretized on structures dual to the ones which the configuration
variables are associated to. Hence to different polarizations in the continuum are associated different
discretization pictures. Change of polarization at the continuum level and discretization do not
commute.
At the end of the day, physics should still not depend on the choice of polarization. The dis-
cretization procedure should not lead to different physics. Hence this means that the two discretiza-
tions must be related by a duality map, encoding their equivalence. Such duality was conjectured
in [13] and probably related to the one found in the context of the Kitaev model [15]. We will leave
this for further investigations.
Discussion
To the best of our knowledge, there was up to now no proposal for a first order formulation for
teleparallel gravity. Bearing in mind that the teleparallel action is obtained from the GR one by
an integration by part it is not so surprising to see that the first order formalism for teleparallel
gravity is obtained from an integration by parts of the first order formulation of the GR action.
The key-idea to recover this is to split the connection degrees of freedom in terms of a reference
connection and the contorsion, which is slightly different than what is usually done. Then, this
allows us to show that as the Einstein-Cartan action is seen as the first order formulation of the
GR action, it is also the first order formulation of the teleparallel action.
Such result allows to justify that statements made in [1]. Namely on one hand that dual loop
gravity is related to the teleparallel picture and that furthermore the loop gravity and dual loop
gravity can be viewed as a change of polarization. These two polarizations are equivalent in the
continuum but lead to two different discrete theories. We expect that the equivalence of choice of
polarization should lead to an equivalence of discretization schemes expressed as a duality (imple-
menting the Poincaré duality found in the continuum). This is currently investigated.
Another interesting question is to see how the cosmological constant modifies the construction
described in this article. From the 3d quantum gravity side, it is well known that a quantum
group structure emerges. This can be traced back to the fact that we discretize the theory using
homogeneously curved geometries. On the other hand Dittrich and Geiller [16] discussed how the
dual BF vacuum construction is also deformed using quantum group structures. This suggests that
there must be a teleparallel formulation of gravity that is discretized along some teleparallel analogue
of homogeneously curved geometries. We leave this intriguing question for further investigations.
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